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Abstract
The equivariant real, complex and quaternionic vector fields on spheres problem is reduced to a
question about the equivariant J -groups of the projective spaces. As an application of this reduction,
we give a generalization of the results of Namboodiri [U. Namboodiri, Equivariant vector fields on
spheres, Trans. Amer. Math. Soc. 278 (2) (1983) 431–460], on equivariant real vector fields, and Ön-
der [T. Önder, Equivariant cross sections of complex Stiefel manifolds, Topology Appl. 109 (2001)
107–125], on equivariant complex vector fields, which avoids the restriction that the representation
containing the sphere has enough orbit types.
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1. Introduction
Let F be one of the classical division algebras over R, namely, the real numbers R,
the complex numbers C, or the quaternionic numbers H. Let G be a compact Lie group,
M be a finite-dimensional right F-representation space of G with a G-equivariant F-inner
E-mail address: mohammad.obiedat@gallaudet.edu (M. Obiedat).0166-8641/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2005.09.001
M. Obiedat / Topology and its Applications 153 (2006) 2182–2189 2183product 〈 | 〉 :M × M → F, and S(M) be the unit sphere in M . A G-equivariant F-vector
field on S(M) is a G-map v :S(M) → M − {0} such that 〈x|v(x)〉 = 0 for each x ∈ S(M).
Given k such vector fields v1, . . . , vk , we say that they are linearly independent if the
vectors v1(x), . . . , vk(x) are linearly independent over F for all x ∈ S(M). The equivariant
F-vector fields on spheres problem, then, reads as follows: for a given M , what is the
maximal number of linearly independent G-equivariant F-vector fields on S(M)? We call
this number the F-G-field number of M , and denote it by ρFG(M).
If M is a trivial F-representation space of G, then ρFG(M) is equal to the non-equivariant
F-field number of M denoted by ρF(M). The computations of ρF(M) were completed by
Adams [1] in 1962 for the real case, by Adams and Walker [2] in 1965 for the complex
case, and by Sigrist and Suter [13] in 1973 for the quaternionic case. On the other hand, if
M is a free real representation space of a finite group G then ρRG(M) was computed, under
mild hypotheses, by Becker [3] in 1972. The problem of computing ρFG(M) when M is a
free complex or quaternionic representation space of G is still completely open. The main
difficulty in this case is that, up to the present moment, no one knows how to construct
non-equivariant complex and quaternionic vector fields on spheres.
For a subgroup H of G, let MH be the H -fixed point set of M and dimF MH be the
dimension of MH as a right F-module. It is easy to see that M is a free representation
space of G if and only if MH = 0 for each non-trivial subgroup H of G. Also, observe that
if MH = 0 then ρFG(M) ρF(MH ). We say that M satisfies the k-dimension condition on
fixed point sets if dimF MH  2k − 2 + 2/dimR F for each H G with MH = 0. If G
is a finite group and M satisfies the k-dimension condition on fixed point sets, then ρRG(M)
was computed by Namboodiri [9] in 1983 by assuming that M has enough orbit types, and
ρCG(M) was computed by Önder [11] in 2001 by assuming that M has enough orbit types
and G has no type-H real irreducibles.
Different techniques were used to compute ρF(M) in each case. However, as it is shown
in [15,7], the computations of ρF(M), in all cases, are equivalent to questions on the
J -groups of the various projective spaces which can be answered using the action of Adams
operations. In his attempt to compute ρRG(M), Namboodiri introduced the notion of “ex-
cisive universe” and defined a variant of the equivariant J -groups which include this new
notion. This in turn led to the restriction that M has enough orbit types. Önder adopted
Namboodiri’s approach and computed ρCG(M) with similar restrictions. The goal of this
paper is to show that ρFG(M) can be computed by exactly following the program used to
compute ρF(M), namely via the action of Adams operations and without using the notion
of “excisive universe”. Then we give a generalization of Namboodiri and Önder results by
showing that the restriction that M has enough orbit types is redundant.
Let FP k−1 be the F-projective (k − 1)-space considered as a trivial G-space, and
ξk−1 be the Hopf F-line bundle over FP k−1 considered as a G-vector bundle with triv-
ial G-action over FP k−1. Denote the trivial real G-vector bundle M ×FP k−1 over FP k−1
by M and consider M ⊗F ξk−1 as a real G-vector bundle over FP k−1. Let JOG(FP k−1)
be the equivariant JOG-theory of FP k−1. Our main result in this paper is the following
theorem which reduces the equivariant F-vector fields on spheres problem to a question of
whether M ⊗F ξk−1 − M vanishes in JOG(FP k−1) or not.
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If ρFG(M)  k − 1 then M ⊗F ξk−1 − M vanishes in JOG(FP k−1). The converse is true
provided that M satisfies the k-dimension condition on fixed point sets.
As in the non-equivariant case, one can easily show that if M ⊗F ξk−1 − M vanishes
in JOG(FP k−1) then M satisfies the k-dimension condition on fixed point sets provided
that dimR MG = 0,2,4,8, or 16 in the real case, dimC MG = 0,2 in the complex case,
and dimH MG = 0 in the quaternionic case. Hence, for all but the later cases, ρFG(M) is the
largest k − 1 such that M ⊗F ξk−1 − M vanishes in JOG(FP k−1).
The layout of this paper is as follows. In Section 2, we prove Theorem 1. In Section 3,
we give a method for computing ρFG(M) and generalizations of the results of Namboodiri
and Önder in the real and complex cases. Then we give a summary of the remaining open
cases for computing ρFG(M).
2. Reduction to a question about JOG(FPk−1)
In this section, we reduce the equivariant F-vector fields on spheres problem to a ques-
tion about the equivariant J -groups of the various projective spaces. First, observe that the
Gram–Schmidt orthogonalization process, on M , is continuous and G-equivariant. Con-
sequently, ρFG(M) is equal to the maximal number of G-equivariant orthonormal F-vector
fields on S(M).
Let VFk(M) = {(x1, . . . , xk) ∈ Mk: 〈xi |xj 〉 = δij } be the Stiefel manifold of F-k-
frames in M . Then VFk(M) is a G-space with g(x1, . . . , xk) = (gx1, . . . , gxk). Let
ρ :VFk(M) → S(M) be the projection map sending a k-frame (x1, . . . , xk) to x1.
A G-section of ρ is a G-map s :S(M) → VFk(M) such that ρ ◦ s is equal to the iden-
tity map on S(M). Clearly, S(M) has k − 1 G-equivariant orthonormal F-vector fields if
and only if ρ has a G-section. Let EFk(M) = {f :S(Fk) → S(M): f is S(F)-equivariant},
where we regard Fk as a right F-module via scalar multiplication and standard inner prod-
uct, and consider S(Fk) and S(M) as right S(F)-spaces. Then EFk(M) is a G-space with
(gf )(x) = gf (x). Define i :VFk(M) → EFk(M) such that i(x1, . . . , xk)(α1, . . . , αk) =∑k
i=1 xiαi , and σ :EFk(M) → S(M) such that σ(f ) = f ((1,0, . . . ,0)). Then we have
the following commutative diagram of G-maps:
VFk(M)
ρ
i
EFk(M)
σ
S(M)
The proof of Theorem 1 is built up from the following lemmas.
Lemma 2.
(i) If ρ has a G-section, then σ has a G-section.
(ii) If σ has a G-section and M satisfies the k-dimension condition on fixed point sets,
then ρ has a G-section.
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(ii) For F = R, this is proved in Lemma 3.3 of Namboodiri [9]. For F = C, this is proved
in Lemma 3.1 of Önder [12]. For F = H, i :VHk(Hn) → EHk(Hn) is (8n − 8k + 5)-
equivalence by Lemma 2.11 of [7]. Then the result follows by applying the equivariant
Whitehead theorem (Corollary 2.2 of Namboodiri [9]). 
Let S(M) and S(M ⊗F ξk−1) be the sphere bundles associated to the vector bundles M
and M ⊗F ξk−1, respectively. Then S(M) = S(M) × S(Fk)/zα ∼ z, and S(M ⊗F ξk−1) =
S(M) × S(Fk)/(mα, zα) ∼ (m, z) where α ∈ S(F), z ∈ S(Fk), and m ∈ M . We say
that a G-map f :S(M) → S(M) is of G-degree 1 if it is G-homotopic to the iden-
tity map. Since we can canonically identify the fibres of S(M) and S(M ⊗F ξk−1),
we can speak of fibrewise G-maps between them of fibrewise G-degree 1 without am-
biguity. Let {S(M),EFk(M)}G be the space of G-maps from S(M) to EFk(M) and
{S(M), S(M ⊗F ξk−1)}G be the space of fibrewise G-maps from S(M) to S(M ⊗F ξk−1),
endowed with the compact open topology. Then we have the following lemma which is an
analogue to Lemmas 3.4 and 3.5 of Namboodiri [9].
Lemma 3. There exists a homeomorphism
Φ :
{
S(M),EFk(M)
}
G
→ {S(M), S(M ⊗F ξk−1)
}
G
such that if s ∈ {S(M),EFk(M)}G, then σ ◦ s has G-degree 1 if and only if Φ(s) has
fibrewise G-degree 1.
Proof. For the definition of Φ in the non-equivariant case, one can look at Lemma 1.2
of [15]. The definition of Φ in the equivariant case is similar. 
Let G denote the fibrewise G-homotopy-equivalence relation between G-fibre bun-
dles. The following theorem reduces the equivariant F-vector fields on spheres problem to
a question of whether S(M) and S(M ⊗F ξk−1) are fibrewise G-homotopy-equivalent or
not.
Lemma 4. If ρ has a G-section then S(M) G S(M ⊗F ξk−1). The converse is true pro-
vided that M satisfies the k-dimension condition on fixed point sets.
Proof. Suppose ρ has a G-section then, by Lemma 2(i), σ has a G-section. Let s be
a G-section of σ then, by Lemma 3, Φ(s) :S(M) → S(M ⊗F ξk−1) has a fibrewise
G-degree 1. Applying the equivariant Dold theorem [14], we conclude that S(M) G
S(M ⊗F ξk−1). To prove the converse, suppose we have a fibrewise G-homotopy equiva-
lence f :S(M) → S(M ⊗F ξk−1). Since FP k−1 is connected, we can assume that f has
fibrewise G-degree 1. Hence, by Lemma 3, σ ◦ Φ−1(f ) has G-degree 1. Thus, σ has a
G-section. Applying Lemma 2(ii), we conclude that ρ has a G-section. 
Let cFk be the F-James number computed by Adams [1] for F = R, by Adams and
Walker [2] for F = C, and by Sigrist and Suter [13] for F = H. The key result of this
paper is the following desuspension lemma which was unnoticed by Namboodiri [9] and
Önder [11].
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ξk−1) G S(M) provided that M satisfies the k-dimension condition on fixed point sets.
Proof. To prove this lemma, we apply Theorem 4.2 of Namboodiri [9] with N = M ,
η = M⊗F ξk−1, and X = FP k−1. M satisfies the k-dimension condition on fixed point sets
implies that conditions (1)–(4) of Theorem 4.2 are satisfied. Let H,K ∈ Iso(M), the set of
all the isotropy subgroups of M , with K <H . Then H = Gx,K = Gy for some x, y ∈ M .
Since K = H then there exists h ∈ H such that hy = y. So, y ∈ MK and y /∈ MH . Hence
dimF MK > dimF MH . This implies dimF MK − dimF MH  2k − 2 + 2/dimR F for
F = R or C as it is shown in Namboodiri [9] and Önder [11]. For F = H, S(M ⊗F ξk−1 ⊕
V) G S(M ⊕ V) implies that dimH MH is a multiple of cHk−1. The exponent of 2 in the
prime decomposition of cHk equals ν2(c
H
k ) = max{2j + ν2(j),2k + 1: 0 j  k}. Hence
dimH MH  22k−1. Consequently, dimH MK −dimH MH  2k−1. So, all the hypotheses
of Theorem 4.2 are satisfied. The result follows. 
Proof of Theorem 1. Suppose ρFG(M)  k − 1, then ρ has a G-section. Hence, by
Lemma 2, S(M) G S(M ⊗F ξk−1). Namely, M ⊗F ξk−1 − M vanishes in JOG(FP k−1).
Conversely, suppose M ⊗F ξk−1 − M vanishes in JOG(FP k−1) and M satisfies the
k-dimension condition on fixed point sets. Then S(M ⊗F ξk−1 ⊕ V) G S(M ⊕ V) for
some real G-module V . Hence, by Lemma 5, S(M) G S(M ⊗F ξk−1). Consequently, by
Lemma 4, ρ has a G-section. Hence ρFG(M) k − 1. 
3. Necessary and sufficient conditions on M ⊗F ξk−1 − M to vanish in JOG(FPk−1)
In this section, G will be a finite group, M will be a right F-representation space of G
satisfying the k-dimension condition on fixed point sets, and p will be a prime number.
We will use the results of McClure [8] on the equivariant J -groups to give necessary and
sufficient conditions on M⊗F ξk−1 −M to vanish in JOG(FP k−1). Then, using Theorem 1,
we give a method for computing ρFG(M) and generalizations of the results of Namboodiri
[9] and Önder [11] in the real and complex cases. Finally, we give a summary of the
remaining open cases for computing ρFG(M).
Following the notation of McClure [8], let JOG(FP k−1)(p) denote the localization of
JOG(FP k−1) at p, and JO(p)G (FP k−1) denote the quotient group of KOG(FP k−1)(p) of
stably p-equivalent real G-vector bundle over FP k−1. The following theorem follows di-
rectly from Theorem 1.1 of [8].
Theorem 6. M ⊗F ξk−1 − M vanishes in JOG(FP k−1)(p) if and only if it vanishes in
JO(p)G (FP
k−1).
Now, we show how to reduce the general finite group case to the finite p-group case.
Let G be a finite group and for each prime p, let Cp be the set of all cyclic subgroups of G
of orders prime to p. For each H ∈ Cp , choose a p-Sylow subgroup P(H) of NG(H)/H .
Then we have the following theorem which follows from Theorem 2.2 of [8].
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MH ⊗F ξk−1 − MH vanishes in JO(p)P (H)(FP k−1).
Let kp be an odd generator of the group of units in Z/p2Z, and ψkp be the Adams oper-
ations on vector bundles. Let G be a finite p-group. Then, we have the following technical
theorem which can be used to obtain necessary and sufficient conditions on M⊗F ξk−1 −M
to vanish in JO(p)G (FP
k−1). This theorem is essentially well known, see [4,8,9,11].
Theorem 8. Let G be a finite p-group and X be a finite G-connected G-CW complex. Let
J (p) : KOG(X)(p) → J (p)G (X) be the natural quotient map. Then
KerJ (p) = (1 −ψkp)(KOG(X)(p)
)
.
Proof. To show that (1 − ψkp)(KOG(X)(p)) ⊆ KerJ (p), we only need to show that if
ζ is a real G-vector bundle over X then there exists a stable fibrewise p-equivalence
f :S(kepζ ) → S(kepψkp (ζ )) for some natural number e. Such a G-map can be obtained
from the proof of Theorem 0.1 of [6] (see p. 61) when G is cyclic and Theorem 0.4 of [5]
(see p. 65) when G is finite. Note that the factor s in those theorems can be eliminated,
because f is not required to be a G-homotopy equivalence. The other containment is well
known.
Corollary 9. Let G be a finite p-group. Then M ⊗F ξk−1 − M vanishes in JO(p)G (FP k−1)
if and only if
M ⊗F ξk−1 − M = x − ψkp(x) for some x ∈ KOG
(
FP k−1
)
(p)
. (1)
Using Theorem 7, one can easily prove the following theorem which gives a necessary
and sufficient conditions on M ⊗F ξk−1 −M to vanish in JO(q)G (FP k−1) when G is a finite
p-group and q is a prime not equal to p.
Theorem 10. Let G be a finite p-group and q be a prime not equal to p. Then
M ⊗F ξk−1 − M vanishes in JO(q)G (FP k−1) if and only if νq(dimF(MH ))  νq(cFk−1) for
each H G.
Using Theorem 1, we obtain the following corollary.
Corollary 11. Let G be a finite group then
ρFG(M) = min
{
ρFP(H)
(
MH
)
: H ∈ Cp
}
.
Note that if the order of G is prime to p then P(H) is the trivial group and hence
ρFP(H)(M
H ) is equal to the non-equivariant F-field number of MH . On the other hand if
p divides the order of G then P(H) is a p-group and in this case ρFP(H)(M
H ) can be
computed by using Corollary 9 and Theorem 10.
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equivariant real vector fields and Önder [11] for equivariant complex vector fields which
avoids the assumption that M has enough orbit types.
By Theorem 1, if MG = 0 then ρFG(M) is the largest k − 1 such that M ⊗F ξk−1 − M
vanishes in JOG(FP k−1), except when dimR MG = 2,4,8, or 16 in the real case, and
dimC MG = 2 in the complex case. Corollary 11 reduces the computations of ρFG(M) for
the finite group case to the p-group case. To compute ρFG(M) in the p-group case, one can
apply Corollary 9 and Theorem 10 as follows: First find the largest k − 1 so that Eq. (1)
is satisfied. Second find the largest k′ − 1, so that dimF(MH ) is a multiple of cFk′−1 for
each H G. Then ρFG(M) = min{k, k′}. A similar program was followed by Namboodiri
[9] for equivariant real vector fields and Önder [11] for equivariant complex vector fields.
However, because they did not have Theorem 1 at hand, they could not use the results of
McClure [8] and they were forced to assumed the condition that M has enough orbit types
which is a redundant condition as we have already shows. Consequently, the calculations
of ρRG(M) by Namboodiri and ρCG(M) by Önder are true for all finite groups provided
that M satisfies the k-dimension condition on fixed point sets and G has no type-H real
irreducibles for F = C.
We end off this section by giving a survey on the computations of ρFG(M) and by men-
tioning the remaining open cases.
(1) Let M be a real representation space of G. Then ρRG(M) is given by Adams [1] when
M is trivial, by Becker [3] when G is a finite group and M is free with dimR(M) = 8
and by assuming that G is metabelian if {±1,±i,±j,±k} ⊆ G, and by Namboodiri
[9] and the above discussion when M satisfies the k-dimension condition on fixed
point sets and G is a finite group.
(2) Let M be a complex representation space of G. Then ρCG(M) is given by Adams and
Walker [2] when M is trivial, and by Önder [11] and the above discussion when M
satisfies the k-dimension condition on fixed point sets and G is a finite group with no
type-H real irreducibles.
(3) Let M be a quaternionic representation space of G. Then ρHG(M) is given by Sigrist–
Suter [13] when M is a trivial. In a subsequent paper [10] we calculate ρHG(M) when
MG = 0 and G is a finite group with no type-H real irreducibles.
Up to my knowledge, all the cases not mentioned above are still open. In particular, the
computations of ρFG(M) when F = C or H and M is a free F-representation space of G, or
when G is an infinite compact Lie group and M is any nontrivial F-representation space of
G are still open.
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